Let Uε(g) be the simply connected quantized enveloping algebra associated to an exceptional simple Lie algebra g at the roots of unity. The De Concini-Kac-Procesi conjecture on the dimension of the irreducible representations of Uε(g) is proved for representations corresponding to the spherical conjugacy classes of the simply connected group with Lie algebra g. (2000): 17B37 (primary), 17B10 (secondary).
Introduction
In this paper we continue the study of the representation theory of the quantized enveloping algebra U ε (g) at roots of one begun in [6] . The terminology and notation will be essentially carried over from this earlier part. In particular we shall adopt the same numbering of the nodes of the Dynkin diagrams as in [15] . We recall that the object of our investigation is the proof of the De ConciniKac-Procesi conjecture for representations lying over the exceptional spherical conjugacy classes of the simply connected algebraic group G with Lie algebra g. In [6] we considered the case when g is of classical type; here we complete our task by considering the simple Lie algebras of exceptional type. The main result of this paper is:
Theorem. Assume ℓ is a good integer and g is a simple complex Lie algebra. If V is a simple U ε (g)-module whose associated conjugacy class Ø V in G is spherical, then ℓ For any root α of g we shall denote by x α (t) the elements of the corresponding root subgroup X α of G. We shall choose the representatives in N (T ) of the reflections s α in the Weyl group of g as in [7 
Spherical unipotent conjugacy classes
In [6] we show that in order to prove the De Concini-Kac-Procesi conjecture for the irreducible representations of U ε (g) corresponding to a conjugacy class Ø of G it is enough to show that B − ∩ Ø ∩ BẇB = ∅ for some w ∈ W such that ℓ(w) + rk(1 − w) = dim Ø. We will start by establishing a result about the intersection between B − and Ø ∩ BẇB. Proof. Let g ∈ Ø and let P be the canonical parabolic subgroup of G associated to g (see [26] ). Then g lies in the unipotent radical P u of P , and H = C G (g) ≤ P . Since Ø is spherical, there exists a Borel subgroup B 1 of G such that HB 1 is dense in G. In particular, P B 1 is dense in G. Without loss of generality, we may assume P ≥ B, P = P J1 with J 1 ⊆ {α 1 , . . . , α n } say, and B 1 =τ Bτ −1 , withτ ∈ N J1,∅ , following the notation in [8, §2.8 ] (here we have J 2 = ∅). In our case the subset K of {α 1 , . . . , α n } is empty. We recall that N J1,∅ = {σ | σ ∈ D J1,∅ } and that D J1,∅ = D Then τ −1 (Φ + J1 ) ⊆ Φ + . We show that Pτ Bτ −1 is dense in G if and only if τ −1 (Φ + \ Φ J1 ) ⊆ Φ − (which then implies that w 0 τ is the longest element of W J1 ). We have
and L J1 ∩τ Bτ −1 = L J1 ∩ B 1 is a Borel subgroup of L J1 by [8, Propositions 2.8.7, 2.8.9]. Let us denote by r the number of positive roots in Φ J1 and by s the dimension of P u ∩τ Uτ −1 . Then Pτ Bτ −1 is dense in G if and only if dim(P ∩τ Bτ
as we wanted. We are now in the position to exhibit an element in Bx ∩ U − . By hypothesis we have
On the other hand, from Hτ Bτ Let us notice that, since we fixed the Borel subgroup B of G, the element w ∈ W in Definition 1.2 depends only on the spherical class Ø.
Let us recall that, by [6, Proposition 3.5] , if Ø ∩ BẇB = ∅ and ℓ(w) + rk(1 − w) = dim Ø, then Ø is spherical and lies over w. Remark 1.3 Let Ø be a spherical conjugacy class lying over w ∈ W . Then, if Ø ∩ BσB = ∅ for some σ ∈ W , σ ≤ w in the Bruhat order. Indeed, if x ∈ Ø is such that Bx is dense in Ø, then
where the closure is taken in G. Definition 1.4 Let Ø be a spherical conjugacy class. We say that Ø is wellplaced if it lies over an element w ∈ W with dim Ø = ℓ(w) + rk(1 − w) and
We shall now deal with the unipotent conjugacy classes. Proof. According to [25, Theorem 3 .2] the unipotent spherical conjugacy classes of G are exactly those of type rA 1 + sÃ 1 (see [3] ). Let us deal with the different types of orbits separately: Type A 1 (minimal orbit). Let β 1 denote the highest root of g. Then x −β1 (1) is a representative of this class. For every positive root α and every t = 0 we have:
for some h ∈ T . In particular x −β1 (1) belongs to Bṡ β1 B ∩ B − . By [9, Lemma 4.3.5] we have ℓ(s β1 ) + rk(1 − s β1 ) = dim Ø.
TypeÃ 1 (g of type F 4 , G 2 ). Let g be of type G 2 . Then the element g = x −3α1−α2 (1)x α1 (1)x −3α1−α2 (−1) is a representative of the classÃ 1 since α 1 is a short root. Using (1.1), the commutation relations and [7, Proposition 8.1.5] , one can show that g lies over w 0 . Then we can conclude using Lemma 1.1 and noticing that dim Ø = 8 = ℓ(w 0 ) + rk(1 − w 0 ).
Let g be of type F 4 . Let β 2 denote the highest root of the root system orthogonal to β 1 . The element x = x −β1 (1)x −β2 (1) is a representative of the class of typeÃ 1 as the calculation of its weighted Dynkin diagram shows. By (1.1) x belongs to Bṡ β1ṡβ2 B and one can check that ℓ(s β1 s β2 )+rk(1−s β1 s β2 ) = dim Ø.
Type 2A 1 (g of type E 6 , E 7 , E 8 ). As before let β 2 denote the highest root of the root system orthogonal to β 1 . Then 
Type 4A 1 (g of type E 7 , E 8 ). We observe that dim Ø = ℓ(w 0 ) + rk(1 − w 0 ) therefore we need to prove that Ø lies over w 0 . In order to do so we shall find two different representatives of Ø lying over different elements w 1 and w 2 of the Weyl group such that the only element of W greater than or equal to both w 1 and w 2 in the Bruhat order is w 0 . Then, by Remark 1.3, we shall conclude that Ø lies over w 0 .
Let us consider the following subalgebras of type D 6 in g and the corresponding immersions of algebraic groups: as above we realize the root systems of these subalgebras as the sets of roots orthogonal to ker(1 − w i ) where the w i 's in W are chosen as follows:
• if g is of type E 7 :
• if g is of type E 8 :
It is shown in [6, Theorem 3.8] that the conjugacy class of type 4A 1 in D 6 lies over the longest element of the Weyl group of D 6 which coincides with w i in each case.
Spherical semisimple conjugacy classes
As for spherical unipotent conjugacy classes we establish a result concerning the intersections B − ∩ Ø ∩ BẇB, with w ∈ W , when Ø is a semisimple conjugacy class.
Lemma 2.1 Let t be a semisimple element of
Proof. Without loss of generality we may assume that t lies in T . Let g ∈ G be such that g −1 tg ∈ BẇB and let g = u σσ b be the unique decomposition of g in U σσ B. Thenσ
Using [4, Remarque §0] and the classification of the semisimple exceptional elements in [12, Lemma 7.1] we are able to list the spherical semisimple exceptional conjugacy classes up to a central element. The results are collected in Table 1 , where we indicate a representative g of each semisimple, exceptional class Ø, the dimension of Ø and the structure of the centralizer of g. Proof. By [6, Lemma 3.6] it is enough to prove the statement in the adjoint group G ad with Lie algebra g. For all the spherical semisimple exceptional conjugacy classes except those of minimal dimension in the non simply-laced types we shall prove the statement by exhibiting an elementẇ ∈ N (T ) in each class such that ℓ(w)+rk(1−w) = dim Ø and by using Lemma 2.1. The elements w's are listed in Table 1 . Let us observe that for every element w in Table 1 , except from those corresponding to the orbits of smaller dimension when g is not simply-laced, we can choose a representativeẇ ∈ N (T ) of order two in G ad . This can be seen using the expression of w as a product of reflections with respect to mutually orthogonal roots as in Table 1 In order to deal with the spherical semisimple exceptional conjugacy classes of minimal dimension of g = F 4 , G 2 we only need to prove that the elementṡ w's indicated in Table 1 lie in the corresponding orbits, i.e., by [17, §9, 11] , to compute the dimension of their centralizers. One can perform this computation in the Lie algebra of G, namely, calculating the dimension of Lie(C G (ẇ)) = {x ∈ g | Ad(ẇ)(x) = x}. This can be done analyzing the eigenspaces of Ad(ẇ) in the stable subspaces of the form g α + g w(α) , with the use of [7, Lemma 7.2.1] .
Let now g be of type F 4 . Let γ 1 be the highest short root of g. Let us fix a short root γ which does not belong to the root system of C G (f 2 ) (which is of type B 4 ), and let w ∈ W be such that w(γ) = −γ 1 . Then we have:
for some δ = 0 and some s ∈ T . Therefore x lies in Ø f2 ∩ Bṡ γ1 B ∩ B − . Since the root system of type F 4 is self-dual we have:
Finally, let g be of type G 2 . Let γ 1 = 2α 1 + α 2 . Then the elemenṫ
As in type F 4 we have:
Other exceptional conjugacy classes
In this section we will describe the spherical exceptional conjugacy classes that are neither semisimple nor unipotent. In particular we will show that there is only one such class, in type F 4 , and that this class is well-placed. Let us recall that if the conjugacy class Ø of an element g with Jordan decomposition g s g u is spherical, then both Ø gs and Ø gu are spherical. Besides, as Ø is spherical, dim Ø ≤ dim B. Therefore a dimensional argument rules out all the possibilities except the following:
The following result excludes the first three cases.
Proposition 3.1 If g is of type
Proof. By the discussion above it is enough to prove that the class of gx β1 (1), with g = p, q 2 , r 2 , is not spherical. Let H be the centralizer of gx β1 (1) in G. Let P ⊃ H be a parabolic subgroup whose Levi decomposition P = LP u induces a Levi decomposition of H = KH u ([6, Lemma 4.4]). Let h u , p u , l and k be the Lie algebras of H u , P u , L and K, respectively, and let S be a stabilizer in general position for the action of K on l/k. Let c M (X) denote the complexity of the action of a reductive algebraic group M , with Borel subgroup B M , on the variety X, i.e., c M (X) = min x∈X codimB M x. Then, by [24, Theorem 1.
We see that l = k ⊕ Ch β1 so that c L (L/K) = 0 and S = K. In particular, if g is of type E 6 , E 7 , E 8 then K is of type A 5 , D 6 , E 7 , respectively. By [20, Theorem 1.4] D 6 and E 7 have no linear multiplicity free representation, hence E 7 and E 8 have no spherical exceptional conjugacy classes which are neither semisimple nor unipotent.
As far as E 6 is concerned, one can check that Proof. In order to prove that Ø is spherical we shall use [4, Proposition 1.1] (see also [6, Proposition 4.3] ) and the same notation and construction of K, P u , L, P as in [6, Lemma 4.4] . We point out what follows:
• K is of type C 2 × A 1 with simple roots α 2 , α 3 and α 2 + 2α 3 + 2α 4 ;
• L is of type C 3 × T 1 where the simple roots of C 3 are α 2 , α 3 , α 4 and Lie(T 1 ) = Ch β1 ;
• P u is the subgroup of G generated by the root subgroups corresponding to the positive roots of g which are not orthogonal to β 1 ;
• H u is the subgroup of G generated by the root subgroups corresponding to the positive roots of C G (f 2 ) which do not appear in the root system of K.
Therefore P u /H u , which is isomorphic to p u /h u as a G-module, has dimension 4. More precisely,
and the component of type C 2 of K acts on it via the natural representation. Therefore K has a dense orbit on p u /h u . It follows, by [4, Proposition 1.1, (3)], that Ø is spherical if and only if the generic K-stabilizer of p u /h u is spherical in L. The element e α1+α2+α3+α4 + h u in the dense K-orbit has stabilizer H 1 with identity component H
• . Let us notice that H 1 is spherical in L if and only if it is spherical in the component of L of type C 3 . In analogy with the notation used above we have:
• K 1 is of type A 1 × A 1 with simple roots α 2 and α 2 + 2α 3 + 2α 4 ;
• L 1 is of type C 2 × T 1 where the simple roots of C 2 are α 2 , α 3 + α 4 and Lie(T 1 ) = Ch α2+2α3 ;
• P u 1 is the subgroup of G generated by the root subgroups corresponding to the following roots: −α 3 , α 4 , −(α 2 + α 3 ), −(α 2 + 2α 3 + α 4 );
• H u 1 is the subgroup of G generated by the root subgroups corresponding to the following roots: −α 3 , −(α 2 + α 3 ).
and the component of K 1 corresponding to the root α 2 + 2α 3 + 2α 4 acts on it via the natural representation. We can therefore deduce, using again [4, Proposition
1.1, (3)], that Ø is spherical if and only if the generic
• . Let us notice that H 2 is spherical in L 1 if and only if it is spherical in the component of L 1 of type C 2 . Repeating the procedure once more we get what follows:
• K 2 is of type A 1 with simple root α 2 ;
• L 2 is of type A 1 × T 1 with simple root α 2 and Lie(T 1 ) = Ch α2+2α3+2α4 ;
• P u 2 is the subgroup of G generated by the root subgroups corresponding to the following roots: α 3 + α 4 , α 2 + α 3 + α 4 ;
• H u 2 is the root subgroup of G corresponding to α 2 + 2α 3 + 2α 4 . Therefore P • and since H 3 is spherical in L 2 if and only if it is spherical in the component of L 2 of type A 1 , the statement follows because the conjugacy class of x α2 (1) is spherical. Proof. We shall use the same approach as the one used in the proof of Theorem 1.5 for unipotent conjugacy classes of type 4A 1 . The element f 2 ∈ T ⊂ C G (f 1 ). Besides, C = C G (f 1 ) is a reductive group of type C 3 × A 1 . Here, the group of type C 3 has simple roots α 2 , α 3 , α 4 and the group of type A 1 has simple root β 1 . Since (f 2 ) 2 = 1, it follows that f 2 is of the form (s, t) ∈ C 3 × A 1 with t central and s 2 = 1. Hence, f 2 is conjugated (up to a central element) in C to an element of the form (σ 1 , t) (notation as in [6] ). By [6, Theorem 3.10] f 2 is conjugated, up to a central element in C, to an element of the formṡ α4ṡα2+2α3+α4 h with h ∈ T . Besides, it is enough to conjugate by an element in the component of type C 3 . Hence f 2 x −β1 (1) is conjugated tȯ
On the other hand, the subsystem of the root system of F 4 orthogonal to ker(1 − w), where w = s α2 s α2+2α3+α4 s β1 = w 0 s α4 , is of type B 3 with simple roots α 2 , α 1 and α 2 + 2α 3 + α 4 . Let us point out that ρ 3 x −α2 (1), where ρ 3 is as in [6, Theorem 3.12] , is an element of Ø. Indeed,
(cf. [27, Lemma 28] ). Since the centralizer of the involution ρ 3 in F 4 has dimension 36 it follows that ρ 3 is conjugated tof 2 . Besides, x −α2 (1) is conjugated to x −β1 (1) in the centralizer of f 2 . Since, by [6, Theorem 3.12] , the conjugacy class of ρ 3 x −α2 (1) in a group of type B 3 lies over the longest element of the Weyl group of B 3 , and since this element coincides with w in our case, Ø ∩ BẇB = ∅. Therefore, by Remark 1.3, Ø lies over an element σ such that σ ≥ w 0 s α4 , σ ≥ w 0 s α2 , hence the statement. Proof. By Theorem 3.3 there is an element g ∈ G such that g −1 f 2 x β1 (1)g ∈ Bẇ 0 B. Let g = u σσ b be the unique decomposition of g in U σσ B. Then g −1 f 2 x β1 (1)g lies in Bẇ 0 B if and only iḟ
with t ∈ C * , lies in Bẇ 0 B. Notice that u σ and x β1 (1) commute because β 1 is the highest root. The root σ −1 (β 1 ) is negative otherwise Ø f2 would lie over w 0 which is impossible by [6, Proposition 3.5] . Then, as in Lemma 2.1,
We can summarize the results obtained so far in the following theorem:
Theorem 3.5 Let O be a spherical exceptional conjugacy class. Then Ø is well-placed.
The main motivation for our investigation of spherical conjugacy classes lies in the following theorem: 
Spherical conjugacy classes
From now on G will be any simple, simply connected, reductive algebraic group. In this section we list all spherical conjugacy classes and we prove that all such classes are well-placed. We recall that the exceptional spherical conjugacy classes were considered in [5] for type A n , in [6] for type B n , C n and D n and in §1 and §2 for E 6 , E 7 , E 8 , F 4 and G 2 . Therefore we are left to deal with the nonexceptional classes. In [6, §4] we listed the non-exceptional spherical conjugacy classes of G when G is of type B n , C n and D n : in particular we showed that they are all semisimple. Proof. By [4, Remarque §0] the only spherical semisimple conjugacy classes of SL n are the classes of elements corresponding to involutions in P GL n . Each of the corresponding element in SL n is conjugated, up to a central element, to one of the g k 's or of the g ζ,k 's. We shall show that none of these elements can be the semisimple part of a non-semisimple element g whose class Ø g is spherical. Indeed, suppose that g has unipotent part u = 1. As u is unipotent and belongs to the centralizer of g k (resp. g ζ,k ), u can be identified with a pair (u 1 , u 2 ) ∈ SL k × SL n−k . As in the proof of [6, Theorem 4.6] , it is enough to prove that if one of the u j = 1 and the other is equal to 1 then Ø g is not spherical. Suppose that u = (u 1
where J t is a symmetric t × t matrix such that J 2 t = 1, depending on the choice of u 1 . Since T r(QJ t P ) is a nontrivial polynomial invariant, Ø g is not spherical by [4, Proposition 2.1]. The case u 2 = 1 is similar and left to the reader.
Let us now consider the groups of exceptional type.
Lemma 4.2 Let g be an element of G. Then Ø g is spherical if and only if either Ø g is spherical exceptional or g is conjugated, up to a central element, to
Proof. It is convenient to work in the adjoint group G ad isogenous to G. By [4, Remarque, §0] the only non-exceptional semisimple spherical conjugacy classes in G ad are the classes of involutions. The above list can then be deduced from the classification of involutions given in [17] . By dimensional reasons, there are no non-semisimple non-exceptional spherical conjugacy classes.
For convenience of the reader we give the complete list of spherical conjugacy classes for simple algebraic groups (for groups of type B n , C n and D n we refer to [6, Proposition 4.9] 
• either s = diag(iI n , −iI n ) with i 2 = −1 or s = diag(λ, I n−1 , λ −1 , I n−1 ), with λ ∈ C \ {0, ±1}, if G is of type C n ;
We shall now show that each spherical conjugacy class is well-placed.
Theorem 4.4 Every spherical conjugacy class is well-placed.
Proof. For each class Ø we shall exhibit an element w of the Weyl group such that dim Ø = ℓ(w) + rk(1 − w) and a representative of Ø in BẇB ∩ B − .
• G of type A n−1
The conjugacy classes of g k and g ζ,k have dimension 2k(n − k). Let
As in the proof of [5, Theorem 3.4] , t k ∈ Bẇ k B where
and ℓ(w k ) + rk(1 − w k ) = 2k(n − k).
• G of type B n If Ø is the conjugacy class of ρ 1 we observe that the computations in [6, Theorem 3.10] still hold for k = 1, hence the statement.
Let now Ø be the conjugacy class of s = diag(1, λI n , λ −1 I n ). Then dim Ø = n 2 + n. By [6, Remark 3.7 ] the element
where ψ = t (1 0 . . . 0) and Σ is the n × n matrix with diagonal equal to (−1/2, 0, · · · , 0), first upper off-diagonal equal to (1, 1, . . . , 1), first lower off-diagonal equal to (−1, −1, . . . , −1) and zero elsewhere belongs to Ø ∩ B − and lies over w 0 .
• G of type C n If Ø is the conjugacy class of diag(λ, I n−1 , λ −1 , I n−1 ) then dim Ø = 4n−2. Let us first assume n = 2. With the help of [6, Remark 3.7] one can check that the element
Let us now suppose n > 2. Then the image of x under the immersion of Sp 4 into Sp 2n given by
provides a representative of Ø lying over the following element w of W :
We have:
If Ø is the conjugacy class of diag(iI n , −iI n ), then dim Ø = n 2 + n. One checks that the element 0
implies that Ø is well-placed.
• G is of type D n If Ø is the conjugacy class of σ 1 we observe that the computations in [6, Theorem 3.10] still hold for k = 1, hence the statement.
If Ø is the conjugacy class of diag(iI n , −iI n ), then dim Ø = n 2 . If n is even then the element r = −iI n 0 −2iI n iI n lies in Ø ∩ Bẇ 0 B ∩ B − .
If n is odd then the element
In what follows we shall use the same notation as in the proof of Theorem 1.5.
• G is of type E 6
The centralizer of exp(πiω 1 ) in G is the product of a one-dimensional torus and a group of type D 5 , hence, dim Ø = 32. Let us consider the element
for some t 1 and t 2 different from zero. Then
for some t ∈ T . Hence z lies in Ø ∩ Bṡ β1ṡβ2 B ∩ B − . As in Theorem 1.5, ℓ(ṡ β1ṡβ2 ) + rk(1 −ṡ β1ṡβ2 ) = 32 = dim Ø.
• G is of type E 7
The centralizer of exp(πiω 7 ) in G is the product of a one-dimensional torus and a group of type E 6 , hence, dim Ø = 54. Let us consider the elemenṫ
for some t 1 , t 2 and t 3 different from zero, and let us denote it by y. Then
for some h ∈ T . Hence, y lies in Ø ∩ Bṡ β1ṡβ2ṡα7 B ∩ B − . As in Theorem 1.5, ℓ(ṡ β1ṡβ2ṡα7 ) + rk(1 −ṡ β1ṡβ2ṡα7 ) = 54 = dim Ø. Proof. Since Ø s is spherical s can be chosen as in Proposition 4.3. The case of G of type A n was dealt with in [5] . The cases of G of type B n , C n and D n have been treated in [6, Corollary 4.12] . For the remaining cases we have:
G is of type E 6
In this case s = exp(πiω 1 ) and, since u commutes with s, u belongs to the subgroup of type D 5 with simple roots α 2 , . . . , α 6 . By [12, §8] V is induced by an irreducible U ε (so 10 )-module V ′ corresponding to the conjugacy class of the element u. Besides, the conjugacy class of u in D 5 is again spherical by Remark 4.6. The statement then follows from [6, Theorem 3.8].
G is of type E 7
In this case s = exp(πiω 7 ) and u belongs to the subgroup of type E 6 with simple roots α 1 , . . . α 6 . By [12, §8] V is induced by an irreducible U ε (e 6 )-module V ′ corresponding to the unipotent spherical conjugacy class of the element u. The conjugacy class of u in E 6 is again spherical by Remark 4.6. The statement then follows from Corollary 4.5.
Some remarks
Corollary 5.1 Let Ø be a spherical conjugacy class of G lying over w ∈ W . Let x ∈ Ø be an element such that Bx is dense in Ø. Then Bx = B w x = Ø ∩ BẇB.
Proof. Theorem 3.5 and the proof of [6, Proposition 3.5] show that Bx = B w x and that if y lies in Ø ∩ BẇB then By is dense in Ø. It follows that y belongs to Bx. Here we note that if Ø is a spherical conjugacy class lying over w ∈ W then r(Ø) = rk(1 − w) and u(Ø) = ℓ(w). Indeed, this follows from [23 
Remark 5.3
We note that in all cases if Ø is a spherical conjugacy class lying over w in W , then w is an involution. The reason for this is that if G is of adjoint type, then each spherical conjugacy class Ø coincides with its inverse. For unipotent classes this follows from [10, Lemma 1.16], [11, Lemma 2.3] . For the semisimple classes in almost all cases we are dealing with involutions in G. In the remaining cases we always have w 0 = −1, and in this case every semisimple element is conjugate to its inverse. Finally for the mixed classes Ø su the result follows from the fact that s is an involution and that u is conjugate to its inverse in C G (s). Table 4 ] and [1] ).
